Abstract The characteristic energy of a smooth Jordan curve of length L, defined as the coefficient in the term proportional to N 2 /L in the large-N asymptotics of the minimal electrostatic self-energy of N unit charges located on the curve in question, possesses an expansion involving the function ϕ(t) that measures the deviation from linearity in the dependence of the tangential angle on the arc length. The leading term in this expansion is given by a functional that is quadratic in ϕ(t). The explicit expression for this functional can be derived without taking into account the energy lowering due to relaxation of the particle positions that, being of the order of N 2 (ln N ) −1 for large N , does not contribute to the characteristic energy.
Introduction
Confinement of interacting classical particles gives rise to diverse patterns of particle positions at equilibrium geometries. The combination of Coulombic interparticle interactions and two-dimensional confining potentials of cylindrical symmetry usually produces assemblies of particles positioned on either vertices of polygons inscribed on concentric rings or nodes of triangular lattice [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] . Formation of such patterns, which is observed both in experimental settings and numerical simulations, occurs in systems ranging from electrons in quantum dots [2] [3] [4] [5] [6] [7] to ions in dusty plasmas [8] [9] [10] and triboelectrically charged objects [11] .
Both the energies and equilibrium geometries of the aforedescribed species are accurately predicted by approximate shell models [16] with well-understood mathematical properties [17] . A generalization of those models to confining potentials lacking cylindrical symmetry would require derivation of an expression for the electrostatic self-energy of a discrete charge distribution located on an equipotential line, which is a Jordan curve. A survey of the relevant literature reveals a paucity of studies on this subject, the seminal work of Martínez-Finkelshtein et al. [18] being the notable exception. In the present paper, we report on research intended to bridge this undesirable gap in knowledge.
The organization of paper is as follows: first, the characteristic energy of a Jordan curve is defined as the coefficient multiplying the ratio N 2 /L, where N is the number of particles and L is the curve length, in the second leading term of the N → ∞ energy asymptotics (the first term being the universal expression derived in ref. [18] ). Second, the perturbative expression for the characteristic energy is derived for curves slightly deviating from circles. Third, relaxation of the particle positions from the Martínez-Finkelshtein minimizer is demonstrated to yield a vanishing contribution to the characteristic energy. Finally, the validity of the derived expressions is demonstrated for a family of simple test curves.
Theory
Consider a set of N unit point charges located on a smooth Jordan curve ≡ {x(s), y(s)} conveniently defined by its Whewell representation [19] , i.e.
x(s)
It follows from Eq. (1) that the curvature of is given by
Consequently, the corresponding tangential angle equals [19] 
which implies
The function
measures deviation of from a circle. It follows from Eq. (4) that ϕ(t) is a periodic function, namely
The necessary and sufficient conditions for closure of read 
In general, these conditions imply that the period of ϕ(t) is a reciprocal of a natural number greater than one [20] . The electrostatic self-energy E (N ) of (i.e. its minimal discrete Riesz energy) is given by
where
According to the Martínez-Finkelshtein theorem [18] , the large-N asymptotics of
the corresponding minimizer {s k } in the RHS of Eq. (8) possessing the property
Let the characteristic energy C of be defined as
The characteristic energy of a circle [21] ,
where γ is the Euler-Mascheroni constant, enters the LDA (local density approximation) expression
for the cohesive energy e coh of a Coulombic system confined by a radially symmetric potential in two dimensions [17] . It is unclear at present how this expression can be generalized to less symmetrical species. Understanding the properties of C constitutes the first step towards elucidation of this problem. For small deviations of from a circle, the reciprocal of the distance d(s k , s l ) can be expressed in terms of a power series in ϕ(t),
The only term that diverges as s l approaches s k is that independent of ϕ(t), which explains the universality of the asymptotics (10) . On the other hand, all the remaining terms potentially contribute to C . The contribution to C linear in ϕ(t), computed at the minimizer (11) , is given by
as the difference between the sum over k and the respective definite integral decays exponentially with N thanks to the periodicity of the integrand [22] . Since
due to the periodicity of ϕ(t) [compare Eq. (6)], the first-order contribution vanishes. The second-order contribution reads
where the periodicity of ϕ(t) has been exploited again. Further simplification of the above expression yields
Additional insights into properties of C (2) are gained from the Fourier representation of ϕ(t) [note the absence of the terms with p = 1; compare the comment following Eq. (7)]
which, when inserted into Eq. (19), produces
where H p is the p-th harmonic number. Thus, as expected, C (2) is non-negative.
In the above considerations, the relaxation of the positions of charges from those given by the minimizer (11) has not been taken into account. In order to estimate the lowering of the electrostatic self-energy due to this relaxation, one has to compute the respective leading asymptotic contributions to the energy gradient g(N ) = {g k (N )} and the Hessian H(N ) = {H kl (N )}. After some algebra one obtains
and
Consequently, the leading term in the relaxation contribution to the electrostatic selfenergy equals
In Eq.
(25), [H(N )] −1 denotes the generalized inverse of H(N ). The identity
has been employed in the derivation of Eq. (26).
Since for large N the ratios {γ p (N )/N } tend to finite constants whereas η p (N ) grows like N ln N [21] , the leading term in the large-N asymptotics of E (N ) is proportional to N 2 (ln N ) −1 . Consequently, the geometry relaxation does not contribute to the characteristic energy.
An example
The validity of the expressions derived in the preceding section of this paper is readily illustrated using a family of test curves of unit length with
as an example. The curves ≡ {I (a, s), −I (−a, (1/4) − s)}, where
are simple for |a| < a crit ≈ 2.34213. Their shapes change gradually with increasing |a| from circular to ovoid and ladyfinger-like (Fig. 1) ; the curves with a and −a being related by permutation of the x and y axes. Application of the Jacobi-Anger expansion [23] allows for rapid computation of I (a, s) as The scaled relaxation energies a −2 N −2 ln N E (N ) listed in Table 2 closely follow this prediction for small values of a although their convergence to the limiting value of −1/162 ≈ −0.006172839506 is rather slow.
Conclusions
The characteristic energy C of a smooth Jordan curve of length L, defined as the coefficient in the term proportional to N 2 /L in the large-N asymptotics of the minimal electrostatic self-energy of N unit charges located on the curve in question, possesses an expansion involving the function ϕ(t) that measures the deviation from linearity in the dependence of the tangential angle on the arc length. The leading term in this expansion is given by a positive-valued functional that is quadratic in ϕ(t). Consequently, at least in the local sense, a circle has the smallest C among all smooth Jordan curves. The explicit expression for this second-order functional can be derived without taking into account the energy lowering due to relaxation of the particle positions that, being of the order of N 2 (ln N ) −1 for large N , does not contribute to the characteristic energy. However, in light of its complexity, the prospects for derivation of a nonperturbative closed-form expression for C remain remote.
